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1. Introduction.


The topic of this paper was slightly dealt by Milner B. Schaefer, in his well-known article “Some considerations of Population Dynamics and Economics in Relation to the Management of the Commercial Marine Fisheries”, (J. Fish. Res. Bd. Canada, 14 (5), p. 669 – 681, 1.957), which says (Sic.) in page 675:
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The form of V (revenue) as a function of E (fishing effort) will depend on the demand-price functions, but it is to be noted that so long as the price elasticity of demand remains greater than unity, the production function in terms of values (Fig. Curve A) will have its maximum at the same level of effort as the production function in terms of quantity. If the elasticity of demand becomes less than unity for some levels of production which the fishery is able to reach, there may be two maxima in the production function in terms of value (Fig. Curve B).  


This is the only reference Schaefer does to this task because, immediately, he continues saying:

For most individual stocks of sea fish, the catch is a rather small share of the total production of all fish with which it competes in the market, and, therefore, it seems reasonable to assume that for the products of a particular fish stock the elasticity of demand is large. (...) In the economic model, analysed below, I shall consider only this case.

Thereafter, this author does no further reference at all to this task.

In Fisheries Bioeconomics, in general, there is no great interest in the case of price dependent on catch. For example, in Clark
 (1990), which can be considered a classic, in chapter 5, entitled “Supply and demand” makes an approach to this matter. However, he does no reference to the revenue function with two maxima, cited by Schaefer.

In this paper, we try to establish the parametrical relations that can derive any of both forms of the revenue function in Schaefer’s model, while price relies on catch.

2. The analytical expression of the revenue function, while price relies on catch.


Let h be the catch and p the price. To make things simple, we will assume a linear demand schedule, defined in inverse form as:
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Therefore, by definition, the demand function will be:
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In order to express this variable in terms of fishing effort, we will convert it in “sustainable revenue” according to the hypotheses of Schaefer’s model, explained in such article:

· 
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, is proportional to biomass, x, where q is the “catchability” coefficient.
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. The species has a natural logistic growth, where r > 0 is the intrinsic rate of growth and K > 0, the carrying capacity of the environment.

From the first expression, we can deduct the catch function: 
[image: image7.wmf]qEx

h

=

. If we equal catch to natural growth, we get the biologic equilibrium: 
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If we solve for biomass, we get 
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, which is called “locus” biomass-effort, representative of all pairs of such variables able to carry out a biological equilibrium in the fishery. Such expression, inserted in the catch function gives us the “sustainable catch” function:
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It is straightforward to get the “sustainable revenue” function of Schaefer’s model so that:
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3. The demand elasticity.


Given a demand function 
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 measures the absolute variation of h in terms of p.


If we want to measure these variations in relative terms to the values of a starting point (p, h), we will have to make use of the concept of demand elasticity, with respect to the price. This can be defined as:
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On defining this term, we put a minus sign in order to make elasticity a positive quantity, as demand is a decreasing function of price and its derivative is, therefore, negative. We can interpret this concept in this way:
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Then after, we can consider this relation:

% var. h  
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If we know the demand elasticity α in any point and a percentage of variation of price, we can deduct the correspondent percentage of variation of demand.


In general, when price varies some χ%, and according to demand elasticity, the corresponding denominations of the demand in such point are:

Elasticity
% var. in h
Demand, in such point,

is called: 
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4. Calculation of demand elasticity of a linear function.


If demand schedule is linear, that is to say, 
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, we can easily deduct that elasticity, as a function of h, is the following expression:
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In the next figure, the different zones in which, according to its elasticity, every demand function can be divided, are represented:

5. The shape of the revenue function.


We are going to study more precisely this function, when having a linear schedule. If demand function is 
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, the corresponding revenue function will be: 
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In this double figure, we can see the revenue function in the upper part and the demand in the lower part:

The revenue function is a parabola that has a maximum in 
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, when production is 
[image: image29.wmf]b

a

h

2

=

. To understand the existence of this maximum, let us see the demand function and think that, given any point of it, the corresponding revenue is the multiplication of its both co-ordinates.

We will start from point 1, which is in the elastic zone of the curve. A fall in the price will allow selling a largest production: abscise of 1’. This change will produce the following variation in the revenue: the area of the portion of row (horizontal) is lost and the area of the portion of column (vertical) is gained. As the vertical area is bigger than the horizontal, the net variation of revenue is positive and, consequently, revenue becomes higher.

If we start from point 2, which is in the inelastic zone of the demand curve, and considering a fall in the price till reaching 2’, the reasoning is the opposite. The vertical area is smaller than the horizontal and revenue becomes lower.

Therefore, revenue results in a parabola and its maximum is the medium point P, which belongs to demand unity (α = 1).

The marginal revenue, consequently, will have the following expression: 
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 and, in case of a linear schedule, 
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. This function is also linear, with the same intercept as demand function and double slope. It is positive for sales between 0 and
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· The special case of a fishery.

We will have to take into account that, in every fishery, catch is subject to a double condition:

· Biological condition: Catch is conditioned to the possibilities of the natural growth of the population, and its sustainable maximum is 
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. Catch cannot be higher, as the population would tend to extinction.
· Commercial condition: As price relies on catch according to a demand linear function 
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[image: image36.wmf]b

a

h

=

. That is to say, catch will move between 
[image: image37.wmf]b

a

h

<

<

0

. Catch cannot be higher, as there will be no sales.
In order to analyse the effects of such double condition, in the following figure we show two demands: I, which we will call “big”, and II, which we will call “small”.
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Demand I. The biological interval of validity of the catch is inside the elastic zone of the demand curve: The medium point of the linear demand function (marked as P) is greater than the MSY. As in the elastic zone, an increase of h makes revenue higher, its maximum will correspond when catch is the largest possible, i.e.: 
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, catch will increase from zero to MSY, and so revenue will increase to its maximum. If biomass continues decreasing from
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 to zero, so catch and revenue will. Revenue, as a function of biomass, will only have a maximum. 

Demand II. The commercial interval of validity is smaller than the biological interval so, when 
[image: image42.wmf]MSY

h

B

<

<

 there is no demand, and so, catch will not take place. The demand curve presents elastic and inelastic zones inside the valid interval for catch. Starting from a high biomass (near K), catch will increase from zero to N (abscise of the medium point P), and so, revenue will become higher until 
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, in which there is a maximum. The rigid zone of the demand curve is between N and B, so revenue will be decreasing, as catch becomes higher. When catch reaches to 
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, price is null, so revenue becomes zero. If we start from a low biomass (near 0), the reasoning is the opposite, so the revenue function will have two maxima.

The generic shape of the revenue function is obtained alternatively as a function of biomass or as a function of fishing effort. It is simple to exchange between one and the other, using the expression of “locus” biomass-effort.

6. Parametrical relations.
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In order to catalogue by a simple parametrical relation the different demand functions that can arise the various revenue functions, let us start at the sight of this figure:


Let A be the point intersecting the demand schedule with the corresponding vertical to 
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. If intercept is a, we are going to analyse the condition of demand functions to be elastic in such point A.


Elasticity of demand in terms of price, as a function of catch is:
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In point A, catch is equal to MSY, and we want demand functions to be elastic in such point. That is to say: 
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Therefore, any linear demand function will be elastic in point A, as soon as the following condition is satisfied:


[image: image49.wmf]MSY

b

a

2

>


Making use of the previous condition, in the following double figure, we can see three types of demand curves, and the correspondent revenue curves, as a function of biomass. 
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Two maxima.
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Each demand function is: 
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 and the corresponding revenue expressions are: 

· In terms of biomass: 
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· In terms of fishing effort: 
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